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Abstract: A method for acoustic detection of small explosions at local
distances is presented combining a matched filter with a p-value representing the conditional probability of detection. Because the physics of
signal generation and propagation for small, locally recorded acoustic
signals from small explosions is well understood, the single hypothesis
to be tested is a signal corrupted by additive noise. A simple analytical
signal representation is used where a known signal is assumed with
parameters to be determined. The advantage of the approach is that the
detector can be combined with other detectors that measure different
signal characteristics all under the same unifying hypothesis.
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1. Introduction
An acoustic blast wave, similar to an N-wave, is the manifestation of a shock wave
formed from an atmospheric explosion or sonic boom. At local distances, where acoustic propagation is confined to the atmospheric boundary layer, the characteristic blast
wave signal is preserved from even very small explosions and can be used as the basis
of a detector. At greater distances where waves duct in the tropospheric jet stream,
stratosphere, and thermosphere, multipathing, dispersion, and other propagation effects
serve to remove this characteristic signature, and detection techniques are typically
based on simple power measurements or on the coherence of waveforms across an
array. Sadler et al. (1998) describe an N-wave detector that is based on edge detection
of the steep-sided margins of the N wave as well as a parametric wavelet model consisting of cubic spline approximations to a Gaussian function. The N-wave decays rapidly
as the propagation regime becomes linear, as modeled by Reed (1977). The purpose of
this paper is to document a standard method of detection (matched filter) applied to the
problem of detecting acoustic signals from small explosions (e.g., grams to tens of kilograms) at local distances. The approach of detecting an acoustic blast wave by assuming
a known deterministic signal s(t) of unknown amplitude, center frequency, and arrival
time in Gaussian noise is based on a matched filter (e.g., Kay, 1998; Shumway and
Stoffer, 2000). Here, we extend this approach using a p-value technique.
In this paper, the functional form of the assumed N-wave signal model and signal
parameter estimation using a simple matched filter is first presented. Then, the commonly
used Neyman-Pearson (NP) binary hypothesis likelihood ratio approach applied to signal
detection is described that naturally leads to the p-value single hypothesis detection
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approach advocated in this paper. The main points of this paper are not the details of
N-wave signal representation nor the matched field processing by itself. Rather, it is the development of an N-wave detector p-value formulation that can naturally be combined with
other detectors (each measuring different signal aspects) all under the same single hypothesis. The p-values from each detector can then be effectively combined into a multivariate
detector (e.g., Arrowsmith and Taylor, 2013).
2. N-wave detector
Because there is no true analytical expression for a spherical shock wave from a differential
equation (because the particle velocity and stress at the shock arrival time are discontinuous), only approximations can be made (e.g., Sachdev et al., 1994). Furthermore, our interest is more on the detection of small explosions at distances of <10 km, which typically
have a lower initial rise time than does a true shock wave. At this range, propagation
effects are small and the shock wave is generally a smoothed version of that close to the
source. One simple deterministic signal model of a blast wave is given by the derivative of a
Gaussian function. Improvements can obviously be made to reduce the rise time and form
an asymmetric pulse, and there are other analytical representations that can be implemented. The blast wave is simulated in this paper using the MATLAB Gaussian monopulse
function gmonopuls.m (http://www.mathworks.com) given by
pﬃﬃﬃ
sðtÞ ¼ 2p efc t exp½2ðpfc tÞ2 ;
(1)
where fc is the center frequency in Hz. Equation (1) has the nice property of producing
an impulse of unit amplitude. Other blast wave characterizations will be used along
with scaling curves for both period and amplitude (e.g., Koper et al., 2002) as work
progresses.
Equation (1) contains three parameters that are unknown in practice and must
be estimated through some means ðs0 ; fc ; AÞ where we note that A is not in Eq. (1),
which is for unity amplitude but is required in practice. The estimated arrival time, ^s 0
is first computed from the maximum of the correlation function
Rxs ð^s 0 Þ ¼ max
s

N
1
X

xðtÞsðt  sÞ;

(2)

t¼0

where N is the length of the observed data, x(t) (e.g., 1 h). In practice, a value for ^s 0
will be found for any time window, so that the trade-off between computation time
and potential for false detections must be considered. The simple Gaussian monopulse
can easily fit filtered Gaussian noise (especially if a short window is used), so the window length specified should be long enough to hopefully contain a signal (e.g., 1 h).
The key to the matched filter detector is that it operates in tandem with other detectors
all constructed under the same hypothesis as described in Arrowsmith and Taylor
(2013). As will be shown below, the test statistic used to compute the p-value is dependent on the estimated signal energy.
Under the assumption that s and additive noise w are uncorrelated, Kay
(1998) shows that the signal amplitude can be estimated from
N
1
X

^ ¼
A

xðtÞsðt  ^s 0 Þ

n¼0
N1
X

:

(3)

2

s ðt  ^s 0 Þ

n¼0

Two methods can be used to find the center frequency of the signal function given in
Eq. (1). In one case, a bank of signals is constructed using a range of frequency values
near that expected from prior information (e.g., the yield of the shot and distance to
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the monitoring station). For each frequency the mean-square error between the calculated and observed time series is computed and the estimated ^f c is derived by taking
the minimum mean-squared error between the observed and predicted signal
^ p ; t  ^s 0 Þ2 g;
MSEð^f c Þ ¼ minf½xðtÞ  Asðf
fp

(4)

where fp is the range of frequencies in the search. For the second case, as described in
the data section and the Appendix, ^f c is estimated from linearized inversion by minimizing the MSE given by Eq. (4). The advantage of the inversion technique is that it is
generally faster than grid search but can produce unreliable results under noisy conditions where the initial guess is inadequate for rapid convergence.
The Neyman-Pearson (NP) theorem is the fundamental approach to simple binary hypothesis testing used for signal detection (see also Kay, 2012). NP maximizes
the probability of detection for a given false alarm rate by forming a binary hypothesis
into a likelihood ratio. Assuming Eqs. (2)–(4) fully specify the models, the simple null
and alternate hypotheses are
^ ^f c ; t  ^s 0 Þ þ wðtÞ;
H0 : xðtÞ ¼ Asð
H1 : xðtÞ ¼ wðtÞ;

(5)

where x(t) is the observed data, s(t) is the signal model specified with estimated values
^ ^s 0 and ^f c . In contrast to the treatment in Kay (1998) and most other signal processA,
ing texts, we have reversed H0 and H1 for the simple versus simple hypothesis test used
in the likelihood ratio that naturally leads to our single hypothesis approach. A simple
versus simple hypothesis uses only equalities and completely specified models under
both hypotheses. For the alternate hypothesis, w(t)  N(0,r2) is uncorrelated additive
noise. Both x(t) and s(t) are zero mean and of length N. The matched filter approach
used in this work assumes that the signal is fully known with parameters to be determined using Eqs. (2)–(4). The Neyman-Pearson Theorem states that the probability of
detection will be maximized at a given acceptable false alarm rate, a, by choosing H0 if
a likelihood ratio corresponding to the two hypotheses exceeds a threshold c,
LðxÞ ¼

^ ^f c ; ^s 0 Þ
pðxjH0 ; A;
> c;
pðxjH1 Þ

(6)

where p is a conditional probability density, x is a feature vector of detector measurements and c is determined from a specified false alarm rate a,
a ¼ PðLðxÞ  cjH0 trueÞ:

(7)

Under the Gaussian assumption, the log of the likelihood ratio (6) is given by
(
)
1
N
1
X
X
1 N
2
2
^
^
½xðtÞ  Asðf c ; t  ^s 0 Þ 
x ðtÞ ;
lðxÞ ¼ ln LðxÞ ¼ 2
2r
t¼0
t¼0

(8)

where r2 is the variance of the noise and N is the number of time samples in the processing window. By expanding out Eq. (8), a detection is declared when
TðxÞ ¼

N
1
X
t¼0

xðtÞsð^f c ; t  ^s 0 Þ >

1
X
^N
r2 ln c A
þ
s2 ð^f c ; tÞ ¼ c0 ;
^
2
A

(9)

t¼0

where T is the detection test statistic and is simply the maximum correlation of the
observed signal with the signal model in each processing window at lag s0. Thus, the
matched filter detector uses the cross correlation of the known signal with the observed
data as its test statistic in the case of a known signal in Gaussian noise.
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In our formulation, we summarize the hypothesis test with a p-value and not a
decision rule involving a threshold (c0 ) derived from the specification of a false alarm
rate (a). We take this approach to enable combined multi-phenomenology detections
(e.g., Arrowsmith and Taylor, 2013). In order for the likelihood ratio in Eq. (6) to be
computed, the probability distribution function (PDF) of the noise as well as the signal
must be known. Frequently the PDFs can be found using closed form mathematical
solutions, although in many cases they can prove difficult to calculate. The method
advocated in our approach does not involve the computation of a likelihood ratio.
To compute a p-value indicating the probability of detection under the single
hypothesis of H0: signal þ noise (e.g., Anderson et al., 2007), it can be shown that
(Kay, 1998)
TðxÞ  NðEs ; r2 Es Þ;

(10)

where Es ¼ sTs is the signal energy giving
p ¼ UðTx jEs ; r2 Ex Þ;

(11)

where U is the Gaussian cumulative distribution function.
A simple test case was performed using a 1 Hz Gaussian monopulse defined
by Eq. (1) having amplitude A defined by
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
snrr2
;
(12)
A¼
Es

Fig. 1. Synthetic test case showing close up of the best fits [based on the maximum Rxs in Eq. (2)] for snr values
of 1, 5, 20, and 100 and test frequencies of 0.5 (blue), 1 (red), and 2 (green).
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where Es ¼ sTs is the signal energy, snr is the input signal-to-noise ratio and the variance term is nominally r2 but will vary slightly based on the random number generator used to create the additive noise, w(t). A 1-h time sample having a Nyquist frequency of 10 Hz was used where the “true” center frequency is 1 Hz. Figure 1 shows a
close up of the best fits [based on the maximum Rxs in Eq. (2)] for snr values of 1, 5,
20, and 100 and test frequencies of 0.5 (blue), 1 (red), and 2 (green). The test cases
indicate that the method breaks down at a snr value of about 3. As mentioned above,
we do not address the choice of a threshold since our purpose is simply to develop the
p-value formulation for a matched filter approach. In practice, we would combine
these p-values with other techniques using the method discussed by Arrowsmith and
Taylor (2013).
3. Application to data
Approximately 1 h of data was analyzed from acoustic station LSAR1 (Arrowsmith
et al., 2012) that recorded two different detonations occurring at a range of approximately 8 km. One of these was 22.5 lbs of comp B explosive detonated at a depth of
1 m; the exact specifics of the second explosion are unknown. The matched filter detector as described above was applied to the data stream. In this case, linearized inversion
was used to estimate the characteristic frequency fc, as described in the Appendix.
Figure 2 shows the test statistic, Tx and p-values computed as a function of
time using Eqs. (10) and (11), respectively. In the calculations, the noise variance is
computed from the data (under the assumption that there are few signals in the long
time sample) and used to normalize the data so that the value of r2 in Eq. (9) is one.
Also, because Tx (and hence the p-values) can be computed at each time sample using
Eq. (9), no windowing is necessary other than the long time segment shown by the
data in the lower part of Fig. 2. The fits to the data are shown in Fig. 3.

Fig. 2. Test statistic, Tx, p-values and data band pass filtered between 2 and 20 Hz. Signals from the two explosions having the two highest Tx values in the window are shown in red.
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Fig. 3. Observed data and matched filter fit for the two explosions shown in the bottom portion of Fig. 2. The
estimated center frequencies where 15.4 and 6.3 Hz, respectively.

4. Conclusions
If the physics of a particular signal problem are well understood, a matched filter
approach is warranted. The matched filter is optimal for maximizing the signal to noise
ratio in the presence of additive noise. Further, for infrasonic monitoring of small
locally recorded explosions, there are many noise sources that cannot be adequately
represented over a period of time on which to base a binary hypothesis test using a
Neyman-Pearson likelihood ratio threshold detector. In this paper, the coupling of a
matched filter with a p-value representing the conditional probability of detection
under the single hypothesis of signal plus additive noise is advocated. Further, when
combined with other detectors under the same hypothesis, detection performance can
be improved by combining with other p-values from different detectors constructed
under the same hypothesis that each measure different (orthogonal) aspects of the
observed signal: For example, using Fisher’s Combined Probability test as suggested
by Arrowsmith and Taylor (2013).
Appendix: Computation of fc using linearized inversion
Using the Gaussian monopole signal model of Eq. (1), the partial derivative with respect
to fc is given by
pﬃﬃﬃ
@sðt; fc Þ
¼ 2p et exp½2ðpfc tÞ2 ½1  4ðpfc tÞ2 :
@x

(A1)

Given an initial value for fc the residual difference between the observed and calculated
signal is expanded as a first order Taylor series as
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(A2)

Denoting the partial derivative of the signal function by V, the frequency perturbation is
given by
dfc ¼

VTR
:
VTV

(A3)

Iteration for fc continues until the frequency perturbation is less than a specified threshold
(e.g., 0.1 Hz).
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