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1 I N T RO D U C T I O N
Infrasound has proven to be a useful data source in the application
of monitoring energetic events in the atmosphere such as volcanic
eruptions, hurricanes, bolides, and both chemical and nuclear explosions. Due to the high-energy content of infrasonic sources and
the low rate of atmospheric absorption of acoustic energy at low
frequencies, some infrasonic signals are able to propagate hundreds
or thousands of kilometres around the globe without attenuating
below detectable levels. The combined analysis of multiple observations of an infrasonic event from spatially separated locations in
order to characterize the generating event is a complicated problem
requiring appropriate application of source and propagation physics
as well as statistics and detection theory. A significant challenge in
this analysis is the uncertainty inherent in propagation through a
dynamic, poorly resolved medium. Infrasonic energy is refracted
by temperature and wind gradients as it propagates through the atmosphere; therefore, uncertainties in the atmospheric state at the
time of the event produce uncertainties in the propagation effects.
A number of methods have been developed to combine infrasonic
observations with the aim of estimating a location and time for the
infrasonic source event (Szuberla et al. 2004; Ceranna et al. 2009;
Modrak et al. 2010). In most source location methodologies, signal
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detection time and backazimuth (that is, the azimuth from which
the observed signal appears to emanate) are combined in a manner
which produces an estimate of the source location and time. The
Bayesian Infrasonic Source Localization (BISL) framework proposed by Modrak et al. (2010) uses Bayes’ theorem to combine
detections across a spatially separated infrasound network in order
to estimate a spatial and temporal distribution describing the source
event. This approach has proven to be efficient and useful for estimating the source localization for an infrasonic event (Park et al.
2014); however, the hypothesis parameter set and likelihood distribution employed in the original BISL formulation contain some
complications and approximations which can be removed to simplify and generalize the statistical framework.
Accounting for the uncertainties in the propagation medium is a
challenge for all infrasound research. Although methods to define
atmospheric specifications in the troposphere are well established,
infrasound often propagates into the stratosphere and thermosphere
where specifications are constructed of sparse measurements and
climatology models (Drob et al. 2003). In general, two separate
approaches for accounting for this inherent uncertainty have been
employed by the infrasound community. Atmospheric specifications
at the time of an event of interest can be perturbed to improve agreement between infrasonic observations and propagation modelling
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SUMMARY
The mathematical framework used in the Bayesian Infrasonic Source Localization (BISL)
methodology is examined and simplified providing a generalized method of estimating the
source location and time for an infrasonic event. The likelihood function describing an infrasonic detection used in BISL has been redefined to include the von Mises distribution
developed in directional statistics and propagation-based, physically derived celerity-range
and azimuth deviation models. Frameworks for constructing propagation-based celerity-range
and azimuth deviation statistics are presented to demonstrate how stochastic propagation modelling methods can be used to improve the precision and accuracy of the posterior probability
density function describing the source localization. Infrasonic signals recorded at a number
of arrays in the western United States produced by rocket motor detonations at the Utah Test
and Training Range are used to demonstrate the application of the new mathematical framework and to quantify the improvement obtained by using the stochastic propagation modelling
methods. Using propagation-based priors, the spatial and temporal confidence bounds of the
source decreased by more than 40 per cent in all cases and by as much as 80 per cent in one
case. Further, the accuracy of the estimates remained high, keeping the ground truth within
the 99 per cent confidence bounds for all cases.
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2 O V E RV I E W O F T H E B I S L
FRAMEWORK
Consider the relation of Bayes’ theorem applied to a hypothesis, H,
given some evidence, E,
P(H |E) =

P(E|H )
P(H ).
P(E)

(1)

In this relation, P(H|E) is the posterior probability density function
(PDF) describing the probability that H is true given E, P(E|H) is
the likelihood function describing the probability of observing E
under the assumption that H is valid, P(H) is the prior PDF describing the probability that H is valid before obtaining E and P(E) is the
probability of observing E under any conditions, which normalizes
the posterior PDF. In the case of Bayesian source localization, multiple instances of evidence (detections) are combined to construct
a PDF for the source location and time. Modifying eq. (1) to account for multiple instances of evidence and continuous hypothesis
parameters, one has,
!
j P(D j |H )
"
!
P (H ),
(2)
P(H |{D}) =
′
′
′ 0
P(D
j |H )P0 (H )dH
j
where {D} denotes a list of infrasonic detections, dH′ contains the
variational elements of the hypothesis parameter space and P0 (H)

is some initial estimate of the space containing all possible source
characteristics. This initial estimate is typically defined as a product of uniform distributions over some bounded region. Defining
the likelihood function, P(D j |H ), for an observed infrasonic detection given some hypothetical source description is the focus of
developing and improving the BISL framework.
The localization method proposed by Modrak et al. (2010) contains several complications and shortcomings which can be removed
to provide a more consistent and versatile estimator for the location
and time of an infrasonic source. In the original formulation, the
hypothesis parameter space is defined as the spatial and temporal
source description, xs , ys and τ s as well as a single celerity value,
ν s , describing the propagation velocity of the signal from the source
to the detecting arrays. That is, H = {xs , ys , τ s , ν s }. Each detection consisted of the array location, detection time and observed
backazimuth, D j = {x j , y j , τ j , ϕ j }. The likelihood function relating the detection with the source hypothesis was then specified by
the product of normal distributions for the azimuth and travel time
residuals,
⎛
⎞(
*
δ2
δ2
− 12 ϕ2
− 12 τ2
1
1
σϕ ⎠
σ
⎝
τ
)
e
e
,
(3)
P(D j |H ) = %
2π στ2
2π σϕ2

with σϕ = 3.5◦ , σ τ = 0.05 s and residuals defined as,
,
+
ys − y j
,
δϕ = ϕ j − atan
xs − x j
(

δτ = τ j − τs +

)

(xs − x j )2 + (ys − y j )2
νs

*

.

A marginal distribution, P̃(xs , ys , ts |D j ), can be obtained by integrating the posterior PDF against a predefined celerity distribution,
ρ ν (ν). The resulting PDF is then used to estimate the source location
and source time.
It should be noted that the use of a single celerity value to describe
the propagation of infrasound from the source to receiver in the
BISL methods proposed by Modrak is an approximation of the true
propagation effects. The propagation speed of infrasound is path
dependent and, due to the anisotropy of the wind fields, varies with
both azimuth and propagation range (Drob et al. 2003). However,
inclusion of a unique celerity value for each detecting array results
in a growing number of hypothesis parameters and requires the
addition of constraint conditions and complicated parameter space
sampling in order to obtain a unique solution (Arrowsmith et al.
2014). This complication can be avoided by noting that the celerity
of a detection can be identified using the source–receiver separation
and propagation time as
)
(xs − x j )2 + (ys − y j )2
.
(4)
νj =
τ j − τs
That is, the celerity at which a signal propagates from the proposed
source to the jth detecting array can be computed from xj , yj , τ j ,
xs , ys , and τ s . The inclusion of celerities in the parameter space of
the hypothesis actually introduces a redundant noise parameter in
the method, which, when left unconstrained, can lead to a proposed
hypothesis that is not self-consistent.
Consider the modification of the defined hypothesis parameter
space to contain only the source location and time,
H = {xs , ys , τs }.

(5a)
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predictions (Lalande et al. 2012; Arrowsmith et al. 2013; Assink
et al. 2013; Fricke et al. 2014). Such methods typically use empirical orthogonal functions (EOFs) constructed from a large suite
of atmospheric specifications at a given location and compute the
coefficients of the EOFs which correspond to the atmosphere state
most consistent with observations. Alternately, stochastic propagation methods have been developed which seek to define a distribution of possible propagation characteristics for a given location and
assume that a given observation will be an instance realized from
the distribution (Marcillo et al. 2014; Morton & Arrowsmith 2014).
Stochastic propagation models can be constructed by numerically
propagating energy through a large suite of atmosphere specifications and defining a distribution for arrival characteristics from
the combined results. Both methods have proven useful in studying infrasound propagation effects; however, the advantage of the
latter method is evident when applied to monitoring applications.
Using a pre-defined function from which arrivals are expected to
be realized allows one to rapidly evaluate the validity of a given
source specification without repeatedly updating the atmospheric
state on a case-by-case basis. This makes stochastic propagation
models more efficient and better suited for continuous, real-time
monitoring. Once an event of interest has been identified, additional
analysis can be performed, likely leveraging atmospheric update
methods, to better refine the source location estimate.
It is the aim of this paper to present an updated mathematical
framework for the BISL methods using tools employed in directional statistics as well as a stochastic treatment of infrasonic propagation. Using this updated framework, the maximum a posteriori
solution as well as spatial and temporal marginal distributions can
be identified to define the source localization. Propagation-based
priors detailing arrival celerity and azimuth deviation are detailed
using a stochastic propagation approach. Finally, infrasonic data
from the Utah Test and Training Range (UTTR) have been used
to demonstrate the application of the new framework and to study
the performance and limitations of the stochastic propagation techniques.
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Each detection is defined by the location of the detecting array,
the detection backazimuth and arrival time, and some measure of
quality. In the formulation presented here, the Fisher statistic of the
detection, denoted as F j , has been used to weight higher quality
detections more heavily in the estimated source location. The use of
the detection statistic in this manner results in an adaptive weighting
determined by detection quality. Thus, for each detection,
D j = {x j , y j , τ j , ϕ j , F j }.

(5b)

The normal distributions proposed by Modrak et al. can be replaced by more appropriate distributions for the azimuth and travel
time distributions. The azimuthal dependence of the likelihood distribution can be described using the von Mises distribution commonly employed in directional statistics (Mardia & Jupp 2009),
ρvM (ϕ; ϕ0 , κ) =

eκ cos(ϕ−ϕ0 )
,
2π I0 (κ)

(6)

(7)

Replacing the normal distribution for propagation time with the
celerity distribution evaluated at the spatial and temporal source–
receiver separation removes the approximation of defining a single
propagation velocity for all observing arrays, does not require including celerity in the hypothesis parameter space and improves the
efficiency of the method by avoiding the integration over celerity.
Combining the distributions in eqs (6) and (7), one obtains a
likelihood function describing the probability of observing a detection, D j = {x j , y j , τ j , ϕ j , F j }, under the assumption that the source
location and time are specified by H = {xs , ys , τ s },
+
,
r
eκ cos(φ−ϕ j )
ρν
,
(8a)
P(D j |H ) =
2π I0 (κ)
τ j − τs
where κ(F j ) is defined as in Appendix, and,
,
+
ys − y j
,
φ = atan
xs − x j

r=

%

(xs − x j )2 + (ys − y j )2 .

(8b)

(8c)

Combining eq. (8) with eq. (2), the posterior PDF for the source location and time given a number of detections can be computed. The
normalization in the resulting equation requires a multidimensional
integral over dxs dys dτ s . Note that the formulation presented here
assumes a source and receivers on a Cartesian plane. It is straightforward to apply this formulation to a latitude-longitude coordinate

system by simply using the bearing and great circle distance between
locations in eqs (8b) and (8c), respectively.
The problem now reduces to identifying or constructing the celerity distribution, ρ ν (ν). The dynamic and poorly resolved nature of
the atmosphere, particularly above the tropopause, results in infrasonic propagation characteristics (e.g. travel time, arrival location,
amplitude, phase, etc.) which often cannot be accurately or precisely predicted (Drob et al. 2003). Because of this uncertainty in
the propagation medium, ρ ν (ν) cannot simply reference a lookup
table as in other propagation problems. Instead, a distribution must
be constructed that measures the probability of observing specific
celerities for particular source–receiver geometries. At leading order, this corresponds to a uniform distribution between some limiting values, ν min and ν max .
Infrasonic signals propagate through the atmosphere at 220–
340 m s−1 with specific bands of celerities typically associated
with infrasound refracted from specific altitudes in the atmosphere
(Ceplecha et al. 1998). From these limiting values, one can construct any number of possible distributions via a tapered box-car
distribution,
ρν (ν) =

1
×
ν2 − ν1

1
1+e

ν−ν

−σ 1
ν,1

×

1
ν−ν2

,

(9)

1 + e σν,2

where
the leading term is an overall normalization which guarantees
"
ρ ν (ν)dν = 1 and σ ν, j can be chosen to require sharp bounds or allow some non-zero possibility for exceptionally fast or slow arrivals.
The distributions for approximate tropospheric, stratospheric, thermosphere, and all possible infrasonic celerities are shown in Fig. 1
using a σ ν, j value of 1 m s−1 .

2.1 Analysis of the posterior probability distribution
The posterior PDF produced via the BISL methods can be analysed by computing a number of characteristics of the distribution.
Of particular interest in this analysis are the maximum a posteriori solution, the marginal spatial and temporal distributions, and
confidence bounds of the marginal distributions. The maximum a
posteriori (MaP) solution, xMaP , yMaP and τ MaP , is defined by those
parameter values that maximize the posterior PDF. This location
and time corresponds to the best guess for the source localization
given the set of detections. The marginal spatial and temporal distributions can be obtained via integration of the posterior PDF over
the range of possible source times or source locations, respectively,
P̃(x, y|{D}) =
P(x, y, τ |{D})dτ ,
(10a)
P̃(τ |{D}) =

--

P(x, y, τ |{D})dx dy.

(10b)
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where I0 (κ) is the modified Bessel function of zeroth order, and κ is
a parameter controlling the width of the distribution. It can easily be
seen that for large values of κ, the von Mises approaches a normal
distribution; however, in the case that observations have low SNR
and the azimuth is poorly resolved, the formulation of the von Mises
better matches the distribution over the finite azimuth range. The
width parameter, κ, can be related to the F-statistic of the detection
using the Melton-Bailey relation, as discussed in the Appendix.
The normal distribution for time residuals can be replaced by a
distribution limiting source–receiver separation and travel time to
physically realistic values. Under the assumption that σ τ is small, it
can be shown that the integration over celerity used in the Modrak
formulation is nearly equivalent to evaluating the celerity distribution, ρ ν (ν), at the spatial and temporal separation between the
proposed source and detecting array. That is,
()
*
δ2
(xs − x j )2 + (ys − y j )2
− 12 τ2
1
σ
τ
)
dν ≈ ρν
ρν (ν)e
.
τ j − τs
2π στ2

Figure 1. Tapered box-car celerity distributions for tropospheric (orange),
stratospheric (blue), thermosphere (red) and all possible (green) infrasonic
arrivals.
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The resulting distributions are useful for analysing the source location and time separately.
Although the marginal spatial distribution is not expected to be
normal, one can approximate error bounds using the means and
variances of the source localization parameters. One has,
--ᾱ =
α P(x, y, τ |{D})dx dy dτ ,
(11a)
--(α − ᾱ)2 P(x, y, τ |{D})dx dy dτ ,
(11b)
σα2 =
--(α − ᾱ)(β − β̄)P(x, y, τ |{D})dx dy dτ .
(11c)
σαβ =

Using these values, confidence ellipses for the spatial distribution
can be constructed by computing contours satisfying,
Y 2 + X 2 − 2ρYX = (1 − ρ 2 )C,
x − x̄
X =
,
σx

σx y
ρ=
,
σx σ y

where C is determined by the desired confidence level. In practice,
the resulting contours have been found to be a good approximate
fit to the true marginal spatial distribution. Although it is possible
to compute spatiotemporal covariances, σ xτ and σ yτ , and perform
some analysis of the shift in spatial location for variations in the
proposed source time, such quantities are typically not of interest
and will not be included in the analysis presented here.
3 DEVELOPING AND USING
S T O C H A S T I C , P R O PA G AT I O N - B A S E D
PRIORS
The celerity distribution in eq. (9) is a leading order approximation which essentially makes a binary choice to allow particular
celerities and disallow others. To improve this simple binary formulation, one must identify a non-constant distribution which specifies celerities within the allowed band that are more or less likely
to be observed. One promising method employs propagation modelling methods to construct catalogues of propagation predictions at
specific geographic locations using historical atmospheric models
(Marcillo et al. 2014; Morton & Arrowsmith 2014; Nippress et al.
2014). Marcillo et al. (2014) and Morton & Arrowsmith (2014) have
demonstrated that propagation modelling applied to a large suite of
specifications describing possible atmospheric states can produce
statistics describing which celerities within the allowed band are
more or less likely to be observed. The method of celerity-range
histograms introduced by Marcillo et al. (2014) can be extended to
provide a framework for construction of smooth functional definitions for the celerity distribution, ρ ν . In addition to the uncertainties
in propagation time, uncertainties in the backazimuth of observed
signals can be produced by non-planar propagation effects (e.g.
horizontal variations in the propagation medium or non-negligible
cross winds). As with the celerity distribution, propagation modelling results can be used to construct functions, δϕ and ,, which
describe the mean and variance of the predicted backazimuth deviations, respectively.
Following Marcillo et al. (2014), the distributions of predicted
arrival characteristics can be constructed using propagation modelling through a large suite of atmospheric specifications available
from the Ground-to-Space (G2S) atmospheric database (Drob et al.
2003). The database maintains an archive of atmospheric specifications on a 1◦ × 1◦ spatial grid with 6 hr temporal resolution. Suites

of specifications can be defined by a geographic location, month,
and time of day (00:00, 06:00, 12:00, and 18:00 UTC). For the analysis presented here, distributions have been constructed using 7 yr
of specifications from 2007 through 2013. Propagation paths have
been computed using the ray tracing methods detailed by Blom &
Waxler (2012, 2013) and available in the GeoAc software package
(Blom 2014). Propagation has been modeled assuming a stratified,
moving propagation medium as defined by the G2S specifications.
The assumption of a range independent atmosphere simplifies propagation modelling since paths need only be computed to the first
ground intercept. The nth arrival of a ray path (i.e. the arrival following n − 1 ground reflections) can be specified from the direct
arrival information by,
x0 → nx0 ,
ν0 →

y0 → ny0 ,

nr0
= ν0 ,
nτ0

ϕ0 → atan

A0 ( f ) → nA0 ( f ),

(13a)
+

ny0
nx0

,

= ϕ0 ,

(13b)
(13c)

where A0 ( f ) denotes the total atmospheric absorption along the ray
path from source to first ground arrival.
For each atmospheric specification, rays are generated using an
inclination resolution of 1.5◦ covering angles between 1◦ and 50◦ ,
and an azimuth resolution of 5◦ covering all azimuths. Geometric losses can be computed via the transport coefficient; however,
using a fixed inclination and azimuth resolution results in an arrival field in which ray density is proportional to amplitude and
the distribution of arrival points accounts for geometric spreading.
Atmospheric attenuation has been accounted for using the model
developed by Sutherland & Bass (2004). Ray paths predicted to
undergo significant atmospheric absorption, A( f ) > 40 dB, at the
frequency of interest are removed from analysis since their contribution is expected to be insignificant. It should be noted that the
propagation modelling results presented here do not include possible non-linear effects encountered for propagation through the
rarefied atmosphere in the mesosphere and thermosphere (Rogers
& Gardner 1980). Further, the atmospheric specifications contained
in the G2S archives do not include small scale gravity wave perturbations which can produce significant deviations from predicted
propagation using the smoothed specifications (Millet et al. 2007;
Chunchuzov et al. 2011). The inclusion of such perturbations in
the formulation of the propagation-based priors is planned in future
work but is beyond the scope of the discussion here.
Following Marcillo et al. (2014), the azimuth dependence of the
results has been discretized by grouping propagation paths with
similar launch azimuths together. Discretization of the azimuth dependence is applicable because, away from the edges of ducts, arrival characteristics vary slowly with azimuth and more rapidly with
propagation range. Here, eight azimuth bins centred every 45◦ and
covering 60◦ have been used to generate the prior distributions.
The overlap between adjacent regions has been included to accurately predict propagation characteristics of arrivals near the region
boundaries. Azimuth bins are selected by identifying the bin nearest
to the inferred launch azimuth of the detection assuming a stratified
propagation medium, ϕ launch = ϕ back ± 180◦ .
3.1 Celerity-range priors
The celerity-range distribution, ρ ν (r, ν), within each azimuthal bin
can be computed and stored using a number of possible methods. In
Marcillo et al. (2014), propagation results were stored in the form
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y − ȳ
Y=
,
σy

(12)
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Figure 2. Celerity-range statistics for propagation to the northeast of a
source at UTTR. (a) Ray-path arrival locations for a source at the origin. (b)
Arrival range and celerity for propagation to the northeast. (c) The celerityrange distribution, ρ ν (r, ν), constructed from the arrivals in (b).

3.2 Azimuth deviation priors
The distributions detailing azimuth deviation do not require multivariate formulations since the desired functions are simply a mean
and variance of the azimuth deviation for propagation within a given

Figure 3. Computation of azimuth deviation priors. (a) Azimuth deviation
for propagation to the northwest using arrivals in Fig. 2(a). (b) The mean
(central line) and variance (coloured region) of the predicted azimuth deviation.

azimuth bin, δϕ(r) and ,(r). The distribution of azimuth deviation
for all arrivals to the northwest is shown in Fig. 3(a). The arrivals
shown in this figure are identical to those in Fig. 2(b), with the
vertical axis showing azimuth deviation instead of celerity. The
convention used here is that azimuth deviation is defined by δϕ =
ϕ tr − ϕ pr where ϕ tr is the true azimuth to the source from the arrival location and ϕ pr is the backazimuth of the predicted arrival. A
moving-window average has been used to compute the mean of the
azimuth deviation, δϕ(rj ). For the work here, the window is 40 km
wide and samples every 20 km within the same 1000 km range used
in the celerity-range methods. Taking the variance of the arrival
azimuth deviation within the window at each range provides an estimate of the variance, ,(rj ). The discrete set of points for (r, δϕ j ,
,j ) are stored and interpolated to construct continuous functions
for localization computation. The resulting mean and variance are
shown in Fig. 3(b) where the central line indicates the azimuth deviation bias (mean), δϕ(r), and the coloured region indicates the 95
per cent confidence bounds computed from the mean and variance,
δϕ(r) ± 2,(r).
3.3 The BISL likelihood function
with propagation-based priors
It is immediately evident that the celerity distribution in eq. (8) can
be replaced with the propagation-based celerity-range distribution
derived in Section 3.1. The azimuth difference in the exponential of
the von Mises distribution can be modified to include the azimuth
deviation mean, and the width parameter can be modified to include
the increased width due to the variance in the backazimuth. An
explanation of how κ can be defined using both the F-statistic, F,
and the modified beam width, ,, is detailed in the Appendix. The
resulting distribution for the likelihood is found to be,
+
,
r
eκ cos(φ−ϕ−δϕ)
ρν r,
,
(14a)
P(D j |H ) =
2π I0 (κ)
τ j − τs

with κ(F, ,) defined as in eq. (A7a), and again,
+
,
ys − y j
φ = atan
,
xs − x j
r=

%

(xs − x j )2 + (ys − y j )2 .

(14b)

(14c)
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of histograms and one dimensional distributions within azimuth
and range bins. Also in this work, the one dimensional distributions were obtained by stacking individual normalized distributions
for a given array which leads to a multi-modal distribution but assumes a single distribution for the likelihood. It should be noted
that the overall normalization employed by Marcillo et al. (2014)
did not properly account for the partitioning of energy from the
source to the various propagation azimuths and ranges as the distributions were normalized individually instead of normalizing the
full, multi-azimuth distribution as a whole. It is the aim of the updated formulation to conserve the continuous range dependence of
the distribution in order to more accurately include arrival branch
onsets. Therefore, we employ multivariate Gaussian mixture models (GMM) to construct a continuous function in both range and
celerity (McLachlan & Basford 1988). A parametrized distribution,
which has been constructed from the propagation modelling results
and referenced at a later time, is most applicable for real time monitoring and analysis. Further, because the scatter of arrival points is
proportional to the geometric attenuation, regions of higher amplitude will correspond to those with higher probability of observation.
For the analysis presented here, a maximum of fifteen contributing
Gaussians have been allowed in the GMM. In the case that the
parametrization results in a contribution with relative weight of less
than 1 per cent, the number of contributing Gaussians is decreased
and the fit is recomputed. This process is repeated to a minimum of
three GMM components.
The construction of the distribution is detailed here using the
propagation results from a single atmospheric specification, but it
is straightforward to extend the method to include results obtained
using a large suite of such specifications. For each atmospheric
specification, ray paths are computed resulting in arrival locations
such as those shown in Fig. 2(a). Within a single azimuth bin (the
grey shaded region in the figure), the arrival range and celerity of
the arrivals can be extracted. Fig. 2(b) shows the resulting scatter
of range-celerity values for propagation to the northwest. Note that
while only the direct arrivals have been computed in the propagation
modelling methods, the multi-ground reflection arrivals have been
generated using eq. (13). Lastly, Fig. 2(c) shows the GMM fit to
the scatter of points in 2(b) which produces a propagation-based
prediction of ρ ν (r, ν) within the chosen azimuth bin. The extension
of this method to a suite of atmospheric specifications requires
combining the arrival range-celerity scatter in Fig. 2(b) from each
specification and computing the GMM which approximates the
combined scatter of arrival characteristics.
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Note that, unlike the formulation without propagation-based priors
in eq. (8), the von Mises contribution is no longer range independent since δϕ and κ now vary with propagation range. Further, the
celerity distribution, ρ ν , azimuth bias, δϕ, and azimuth variance, ,,
are indexed by propagation azimuth to account for anisotropies of
propagation.

4 A P P L I C AT I O N O F T H E M E T H O D
4.1 Implementation of the framework

4.2 Rocket motor detonations at UTTR
The modified formulation of the BISL framework and the
propagation-based priors presented in Sections 2 and 3 have been
tested using ground truth infrasound events archived in the Defense
Threat Reduction Agency (DTRA) Verification Database (DTRA
2015). The database includes 94 rocket motor detonations which
took place during the summers of 2004 through 2008 at the UTTR.
The arrival information for these detonations provide a useful data
set for studying infrasound propagation in the western United States.
The DTRA database includes arrival information on the nearest International Monitoring System (IMS) infrasound stations, I56US
and I57US, PDIAR in Pinedale, Wyoming, NVIAR in Nevada, and
DLIAR at Los Alamos National Laboratory. The locations of the
UTTR source location and the regional arrays are shown in Fig. 4.
Nippress et al. (2014) studied the infrasonic signals from the UTTR
rocket motor detonations using the regional infrasound arrays em-

Figure 4. Five arrays were used to analyse regional infrasound generated
by rocket motor detonations at the Utah Test and Training Range (red star).
This included two IMS monitoring stations (I56US and I57US), the Nevada
Infrasound Array (NVIAR), the Pinedale Infrasound Array (PDIAR) and
the DOE Prototype Infrasound Array (DLIAR).

ployed here as well as the Transportable Array (TA) of the USArray
in order to construct empirical celerity-range models. It should be
noted that the additional data studied by Nippress et al. on the USArray provide an observation set of high spatial density, which can
be used to verify and supplement the propagation-based priors with
empirical observations; however, such analysis is beyond the scope
of this discussion and will be a topic of future work.
The propagation modelling discussed in Section 3 has been applied to atmospheric specifications for a source at the geographic
location of UTTR to produce predictions for arrival range, celerity, and azimuth deviation of infrasound signals originating at the
training range. For the analysis presented here, signals are assumed
to have a dominant frequency of 1 Hz. The resulting distributions
are summarized in Fig. 5 using one month periods during winter,
spring, summer, and fall. For each month, the eight panels show the
predictions for backazimuth deviation and arrival range and celerity assuming propagation from the source to observers along the
corresponding compass direction. The range-celerity and azimuth
deviation distributions are displayed as in Figs 2(c) and 3(b), respectively. The range-celerity distributions are normalized by the
relative number of contributing ray-path arrivals within each azimuth region. In some cases, such as propagation to the east and
southeast during the summer months, ray paths propagate into the
upper atmosphere and, due to significant absorption, very little energy returns to the ground relative to other azimuths. It should be
noted that in cases for which there are no arrivals within a specific
region, azimuth deviation bias is defined to trend toward zero and
the uncertainty toward 4◦ (as seen for arrivals beyond ∼600 km to
the south during the summer).
A number of useful observations can be made from the propagation predictions. Azimuth deviation biases during the winter months
are dominantly positive to the north and negative to the south, and
reverse during the summer months. This variability is due to seasonal behaviour in the stratospheric wind direction and correlates
with the predicted presence of stratospheric arrivals (those with
celerities between 260 and 300 m s−1 ). In the northern hemisphere,
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The BISL methods in eqs (2), (8) and (14) have been implemented
as a stand-alone software module with eventual aim to combine
the methods with detection and association modules developed by
the authors into a robust, automated infrasound analysis pipeline
(Arrowsmith et al. 2008, 2009; Marcillo et al. 2014; Arrowsmith
et al. 2015). The maximum a posteriori solution can be obtained
using established optimization methods and the marginal distributions in eq. (10) can be easily evaluated on a grid of discrete points
and interpolated in order to compute the relevant quantities. Using
a desktop machine with a single quad-core 2.3 GHz processor, full
analysis can be completed within 1–2 min when the method in eq. (8)
is used and 3–6 min when that in eq. (14) is used. These computation
times are well within typical requirements for analysing infrasonic
events in real time as data is acquired.
For the implementation and the discussion presented here, it is
assumed that the set of detections used to estimate the source location and time have been correctly associated with a common event
using a method such as that detailed by Arrowsmith et al. (2015).
The erroneous inclusion of detections from separate sources is expected to degrade the quality of the source localization estimate;
though, such an effect will not be included in the current analysis.
For the framework and results discussed here, it is assumed that
observations have been made at regional distances. In this context,
the term regional requires that propagation ranges are limited to less
than 1000 km so that the assumption of a stratified atmosphere is appropriate and so that individual infrasonic phases can be identified
and included separately in the analysis. The application of these
methods to long range propagation or to regional observation of
long duration sources (e.g. volcanic eruptions) in which individual
phases cannot be easily identified and detections are often semicontinuous envelopes of coherent energy with significantly longer
durations is a topic of future research.
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Figure 5. Propagation-based priors for azimuth deviation (left) and arrival range and celerity (right) for the Utah Test and Training Range (UTTR) for one
month periods of winter, spring, summer and fall at 18:00 UTC. Each panel represents predictions for propagation along the associated compass direction.

stratospheric winds are dominantly eastward during the winter and
westward during the summer. This produces stratospheric arrivals
along the direction of the winds as seen in the celerity distributions.
For propagation perpendicular to the strong stratospheric winds, the

apparent source is shifted away from the true source in the direction
of the winds, which produces the positive and negative biases observed for propagation to the north and south during winter months,
respectively, and the reversal during the summer months.
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4.3 Localization estimates
Two rocket motor detonations have been selected to demonstrate
the updated BISL methods and the improvements gained using
propagation-based priors. The first shot, which occurred on 2004
April 12, was detected at PDIAR, DLIAR, and the IMS station
I10CA northeast of Winnipeg, Manitoba, Canada. Due to the large
propagation range between UTTR and I10CA, the detections at

that location have not been included in the analysis presented here.
The second shot, on 2004 June 2, was detected at I56US, I57US,
NVIAR, and PDIAR. The results of the analysis for these two
events are summarized in Fig. 6 and Table 1. The left and right
columns of Fig. 6 show the marginal distributions for the April
and June shots, respectively. The results presented here have been
computed using all arrival phases for each event. Incorporating only
a subset of the arrival phases decreases the computation time of the
analysis but also decreases the precision of the estimate of the source
localization.
In the upper and middle panels of Fig. 6, the green ellipses denote
the 95 and 99 per cent confidence regions obtained by approximating
the spatial distributions (shown as blue density plots in the figure)
as multivariate normal. The magenta point and red star indicate the
maximum a posteriori and ground truth locations, respectively. In
the upper panels, the tapered boxcar celerity distribution in eq. (9)
has been used with all infrasonic celerities to determine the source
location when propagation effects are unknown. This result uses no
azimuth deviation bias information, but includes a constant, , = 4◦ ,
azimuth deviation variance to account for uncertainty in the influence of cross wind. In the middle panels, the propagation-based
priors summarized in Fig. 5 have been included using the appropriate months for each event. The 95 per cent confidence ellipse areas
for the two results decrease significantly when propagation-based
priors are included. The April event confidence ellipse decreases by
∼40 per cent and the June event by ∼60 per cent. In both cases, the
ground truth location is contained within the 95 per cent confidence
ellipse and the estimated confidence ellipses provide an accurate
approximation of the computed source location distribution.
The bottom panels of Fig. 6 show the marginal distributions for
source time with and without propagation-based priors in black and
blue, respectively. The vertical dashed lines denote the bounds of the
corresponding 95 per cent confidence interval for the distributions.
Unlike the spatial distributions, the temporal distributions have been
analysed as non-normal in order to more accurately determine the
confidence interval limits. The red vertical line in each case indicates
the ground truth source time. The 95 per cent confidence interval
for the April event decreases in duration by ∼40 per cent when
propagation-based priors are included and precisely and accurately
identifies the source time near the peak of both distributions. The
interval for the June event’s source time estimate decreases by ∼80
per cent; decreasing from nearly 12 min to less than than two and
a half minutes. Although the ground truth source time falls slightly
outside of this 95 per cent confidence interval, it is contained within
the 99 per cent interval (not shown in the figure).

4.4 Seasonal sensitivity
The improved localization estimates in the previous section were
obtained using the propagation-based priors developed for a specific time of year corresponding to that of the event. As discussed
in Section 4.2, seasonal variations in the atmospheric state lead to
trends in the predicted propagation effects. Notably, the strength and
directionality of the stratospheric duct can lead to arrivals with specific azimuth deviations and propagation times which may become
dominant during specific times of the year and are not expected
during other times. As an aside, it is useful to demonstrate that
the seasonal variability has a significant effect on the localization
estimate. The localization results for the 2004 June 2 UTTR rocket
motor detonation are shown in Fig. 7 using the priors in Fig. 5 corresponding to January, April, July, and October. As in Fig. 6, the green

Downloaded from http://gji.oxfordjournals.org/ at Sandia National Laboratories on October 26, 2015

The predicted azimuth deviation uncertainties indicate that the
stratospheric duct is significantly more stable during the summer
months compared with the winter. Predicted propagation paths during January include stratospheric arrivals to both the east and west,
implying that the directionality of the stratospheric winds are variable and may occasionally reverse direction or that wing structures
form which produce ducting at multiple azimuths. Such occurrences
are likely associated with stratospheric warnings, which have been
studied previously and are well documented (Rind & Donn 1978;
Limpasuvan et al. 2004; Evers & Siegmund 2009). The backazimuth
deviation predictions during January show very large uncertainties
with the possible band covering both positive and negative values.
During the summer months, stratospheric ducting is nearly exclusively to the west and azimuth deviation predictions are dominantly
negative to the north and positive to the south.
During the transitional months in the spring and fall, the stratospheric winds are weaker and their direction become significantly
more variable. This results in azimuth deviation biases which are approximately zero for all azimuths as seen in the predictions for April
and October. During this time, most of the energy returned to the
ground is refracted by the troposphere (those arrivals with celerities
above 300 m s−1 ) or thermosphere (those with celerities between
200 and 260 m s−1 ). Stratospheric arrivals to the east are possible
during the spring and fall due to remnant and early formation of the
winter stratospheric wind structure, respectively. Regardless of time
of year, there appears to be a consistent possibility of tropospheric
ducting at various azimuths, though predominantly to the north.
Tropospheric ducting seems least likely to the west and southwest,
which is expected due to the dominantly eastward direction of the
jet stream over the western United States.
In addition to identifying seasonal variability of atmospheric
winds from the propagation-based priors, arrival characteristics can
be used to improve infrasonic network design. In the case of a
known, repeating infrasonic source (e.g. volcano, mining facility,
wind farm), a regional deployment of microbarometers can be designed using the predicted distribution of energy with range and
azimuth obtained from the propagation-based priors to optimize (or
minimize) observing signal from the known source. In the results
summarized in Fig. 5 for example, locations to the east and west can
be selected at the appropriate ranges so that stratospherically ducted
energy is observed during the winter and summer, respectively. Further, sensors within tens of kilometres of the source to the north are
expected to observe tropospheric ducting frequently regardless of
time of year. Lastly, sensors in the east and south are expected to
observe little to no energy during the summer and fall, respectively,
and so installing instrumentation in these regions would be low
priority. It should be noted that due to the dynamic nature of the
atmosphere, there is no means to guarantee a given source–receiver
geometry will produce a detection on a given day; however, the distributions obtained here can be used to select observation locations
which optimize the probability of detecting infrasound from a given
location.
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Table 1. Source localization estimates for the UTTR rocket motor detonation on 2004/04/12 and 2004/06/02 when all
arrival phases have been included. The indicated latitude, longitude and time are the maximum a posteriori solution
values. The confidence bounds for the source location and time have been computed from the marginal spatial and
temporal distributions, respectively.
2004/04/12

Latitude

Longitude

Time

95 per cent conf. area

95 per cent conf. duration

Ground truth
Without priors
With priors

41.131◦
41.210◦
41.070◦

−112.896◦
−112.610◦
−112.769◦

19:05:23.4
19:01:40.8
19:06:46.4

–
22 514 km2
12 419 km2

–
900 s
525 s

2004/06/02

Latitude

Longitude

Time

95 per cent conf. area

95 per cent conf. duration

Ground truth
Without priors
With priors

41.131◦

−112.896◦

17:20:01.6
17:16:54.1
17:19:17.7

–
21 381 km2
8 455 km2

–
702 s
136 s

40.810◦
41.634◦

−113.297◦
−113.426◦

contours denote the 95 and 99 per cent confidence bounds, the red
star and line denote the ground truth, and black and blue curves in
the source time distributions denote results with and without priors,
respectively.

In all cases, the ground truth location is located outside of the
spatial 99 per cent confidence bounds; although, the July priors
produce a source estimate similar to the June result. In the January
and April cases, the consistent northwest bias in direction of the
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Figure 6. Analysis results for rocket motor detonations at the Utah Test and Training Range (UTTR) during the spring (left panels) and summer (right panels).
In the spatial figures, the green ellipses denote the 95 and 99 per cent confidence bounds, the magenta point denotes the maximum a posteriori solution and
the red star denotes the ground truth location. In the time figures, the black and blue curves denote the marginal source time distribution with and without the
use of propagation-based priors, respectively, and the red line denotes the ground truth source time. In both cases, the inclusion of propagation-based priors for
arrival celerity and azimuth deviation have improved the estimate as summarized in Table 1.
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source is likely a combined effect of the incorrect azimuth deviation
bias and the limited azimuthal coverage of detecting arrays (the shot
was not detected on the DLIAR array, leaving an azimuthal gap to
the southeast). In the case of the October priors, the overlap of the
individual detection likelihoods is weak and the resulting combined
distribution isn’t well defined. The confidence region shifts north of
the ground truth and increases in size compared with the estimate
without priors (see Fig. 6). Surprisingly, the source time estimates
of these three results are in agreement with the ground truth despite
identifying incorrect source locations.
Of particular interest is the estimated localization using the July
specifications. Because there is some atmospheric stability during
the summer months, it is expected that the source localization in
this case will closely resemble the June estimate as can be seen
in Figs 6 and 7. The spatial confidence bounds don’t extend as far
south, and excludes the ground truth location; however, the location
and shape of the distribution are similar to those for the June result.
From these results, it is evident that seasonal variations in the atmosphere are incorporated into the priors and can produce significant
differences in the localization estimate when the incorrect seasonal
priors are used. In the case shown here, only slight variations are
found between the prediction using priors for June and those for
July. Such similarities are expected due to the relative stability of
stratospheric wind structures during summer; though, during the
transitional months in the spring and fall such variation will likely
be larger due to the higher variability of stratospheric winds over
the time scale of a few weeks.
5 C O N C LU S I O N S
The mathematical reformulation of the likelihood definition for an
infrasonic detection presented here incorporates a stronger physical basis for the source localization distribution and eliminates
the infrasonic celerity from the hypothesis parameter space in the
BISL methodology. The direct use of a celerity distribution removes the need to specify propagation velocities along the various
source–receiver paths and eliminates the marginalizing integral over
celerity required in the original formulation of BISL, improving the
physical basis and numerical efficiency of the method. The use of
the von Mises distribution provides a physically based distribution
for azimuthal dependence in the likelihood, especially at low SNRs
when the distribution tail is larger and the finite azimuth range is

relevant. Further, by relating the von Mises width parameter to the
detection quality, relative weighting of detections allow likelihoods
to be combined in a statistically consistent manner.
The stochastic, propagation-based priors for arrival range and
celerity have been found to provide a location and season-dependent
estimate which maintains the accuracy of a more general estimate
but improves the precision of the posterior distribution by refining the arrival characteristics of the detected signals. Additionally,
comparison of seasonal variations of the parameters has been found
to correlate well with known atmospheric variations, implying that
the propagation-based priors may provide an additional data stream
for climatology and atmospheric studies and vice versa. Further, the
arrival characteristics predicted in the priors can be used to improve
infrasonic network design for specific regions so that the probability
of detecting infrasound generated at a specific location is optimized
or minimized.
In the two cases used to demonstrate the updated BISL methods,
the regional infrasonic signals generated by rocket motor detonations at the UTTR were analysed by computing localization estimates for the source. The localization estimates were found to have
significantly improved confidence bounds when propagation-based
priors were used compared with the estimates obtained using a
simpler celerity model and no azimuth bias. The marginal spatial
distribution for the source has been found to be well characterized by a multivariate normal fit to the distribution in these two
cases. This allows for a succinct summary of the source location
estimate. The marginal distribution for the source time is easily
analysed to obtain confidence bounds on the source time. For the
two examples shown here, the spatial error ellipse and source time
confidence bounds were reduced by approximately a factor of two
when propagation-based priors were included in the analysis. This
result is very promising and demonstrates the applicability of the
methods for continuous, real-time infrasonic monitoring.
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Figure 7. Analysis results for rocket motor detonations at the Utah Test and Training Range (UTTR) using the incorrect seasonal priors. The June UTTR shot
was correctly localized in Fig. 6 using the corresponding propagation-based priors. Shown here are the resulting location and time estimate for the source using
priors for the seasonal priors as shown in Fig. 5.
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a number of possible relations can be obtained, we have elected
here to use the beam width associated with the minimum variance
distortionless response (MVDR) or Capon beam (Krim & Viberg
1996). The value of κ can be determined by matching the curvature
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for the recorded data. Expanding S into an eigen-decomposition
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For a single coherent signal with high SNR, one has λs ≫ λϵ where
λϵ is the (approximately constant) value of all non-signal related
eigenvalues. Consider defining the steering vector near the true
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Applying this to the eigendecomposition formulation of the MVDR
and expanding in powers of (φ − φ 0 ),
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That is,
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Expanding this result for φ 1 → φ 1 + ,, one obtains,
2

1−

3
κ
(φ − φ0 )2 + O((φ − φ0 )4 ).
2

2

ln(2)
κ(F, N ) =
1 − cos(φ 1 + ,)
2

(A4)

In eqs (A3) and (A4), one can ignore the overall scaling coefficient since both distributions need to be normalized. The relation
between κ and SNR can be obtained by matching the terms scaling
(φ − φ 0 )2 ,
λs
κ
(N − 1) = .
λϵ
2
λs
λϵ

= SNR, this produces the relation for κ in terms of
Noting that
the F-statistic of a detection,
N −1
(F − 1).
(A5)
N
In order to account for propagation effects, κ can be modified
to incorporate additional uncertainty due to non-planar propaga-

κ(F, N ) = 2

κ cos(φ 1 )

2
e
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eκ cos(0)
= ×
.
2π I0 (κ)
2 2π I0 (κ)
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(A7a)

2

Finally, eq. (A6) can be solved for cos φ 1 to obtain,
2

ln(2)
,
cos φ 1 = 1 −
2
κ0 (F, N )
sin φ 1 =
2

%

1 − cos2 φ 1 ,
2

(A7b)

(A7c)

where κ0 (F, N ) is computed as in eq. (A5). In the case that
propagation-based priors are not used, a constant value of , can
be used to account for non-planar propagation effects. Alternately,
when priors have been computed as in Section 3, the variance of
the backazimuth as a function of azimuth and range can be used to
more appropriately vary the beam width.
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ρvM (φ)|φ∼φ0 =

tion effects. Consider the case that a detecting array of N elements
measures a coherent signal with F-statistic, F, and the propagation
effects produce an uncertainty in the arrival backazimuth deviation,
, (measured in degrees). One can incorporate the additional spread
of energy by analysing the halfwidth of the von Mises distribution.
The halfwidth, φ − φ0 = φ 1 , can be defined by the angular distance
2
from the maximum such that the distribution satisfies,

κ=

Expanding the von Mises distribution in powers of (φ − φ 0 ),
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